Abstract: Scan matching plays a significant role for 3D simultaneously localization and mapping (SLAM). Before applying the SLAM methods, two 3D data which belong to highly correlated scene has to be registered by finding the correct transformation. In this paper, we introduce a multi-layered (ML) extension of 3D Normal Distribution Transform based scan matching. In this method, point cloud is subdivided into 8 n equally sized cells, where n stands for the level of layer. Unlike the NDT, the score function is described as the Mahalanobis distance. In addition, Newton and Levenberg-Marquardt methods are used to optimize the score function. The proposed method is compared with original NDT, and the optimization methods are discussed. Finally, the performance evaluation is given for experimentally obtained datasets. The approximation provides much faster and long distance measurement capabilities than ordinary NDT.
INTRODUCTION
In this paper, an improved version of the Normal Distribution Transform (NDT) is proposed for scan matching of two 3D point clouds. The key point in NDT is the cell size used by the algorithm. Large cell size makes the algorithm faster, but the convergence area is also large. On the other hand, small cell size makes the system slower but the result may become more accurate. In this study, firstly, we propose a multilayered NDT (ML-NDT) that assign the cell size automatically by looking at the point cloud limits. Then the point cloud is divided into 8 n equally sized cells, as in octree representation. Here n represents the number of layer. The conventional NDT is applied to each layer and the mean and covariance of each cell in all layers are stored for registration. In registration step, Newton and Levenberg-Marquardt optimization methods are used separately. Finally, input 3D point cloud is registered by finding the correct transformation parameters.
Scan matching or Image registration problem plays central role for solving 3D SLAM problems. For that purpose, most of the researchers prefer to use Iterative Closest Point (ICP) algorithm (Besl et al., 1992) . ICP method is based on minimization of the sum of all point to point distances. That means a nearest neighborhood searching (NNS) algorithm is a must for finding correspondences between these points. Although there are remarkable studies to reduce searching time, it is still the bottleneck of the ICP algorithm. In addition, ICP does not release any surface structure information. Therefore, the data storage is proportional to the size of the point cloud, which is problematic for large maps. Therefore, for large scale and outdoor SLAM, NDT is more appropriate than ICP for scan matching, data association and loop detection problems. In this study, we only address the scan matching part.
Normal Distribution Transform (NDT) is firstly applied to 2D data by Biber and Strasser (Biber and Strasser, 2003) . Then it is extended to 3D data by Takeuchi and Tsubouchi (Takeuchi and Tsubouchi, 2006) . The main operation in NDT is that the point cloud is divided into regular cells, and the surface is represented by the probability density functions of each cell. Therefore, the map is represented in much more compact form than ICP. This provides faster scan matching and less memory storage for large maps. Another advantage of the NDT over ICP is that it helps to solve the detection of loop closure problem due to it is compact form of the surface by using appearance map based SLAM techniques (Magnusson, 2009 ).
The performance of the NDT is tightly involved with the size of the cell. In this paper, we introduce Multi-Layered NDT for 3D image registration. This approach initially calculates the cell size from the point cloud limits in x, y, and z directions, and then subdivide the point cloud into eight equally sized cell in each layer. Then the regular part of NDT generative process is applied to all layers to find means and covariance matrices. In registration step, the algorithm start with the top layer, which has the largest cells, and switches to lower layers when the iterations reaches to a threshold value or the score function closes to steady state. Actually, the idea is very simple, as people do; they first look at the big picture to find coarse differences, and then look at the details for fine tuning.
The related works are given in Section 2 and the proposed modification on the NDT algorithm to obtain Multi-Layered NDT is explained in Section 3. The score function is defined differently from the standard NDT, and Newton and Levenberg-Marquardt optimization methods are applied to optimize the function, respectively. The mathematical derivations are also given in this section. In Section 4, performance test is obtained for experimental collected dataset of Hannover and Kvarntorp Mine. Eventually, conclusion is discussed in Section 5.
RELATED WORKS
Iterative Closest Point algorithm (ICP) is a well-known method for 3D scan matching (Besl et al., 1992 (M) ] by using kd-tree space quantization method (Greenspan and Yurick, 2003) . Moreover, Ohno proposed modified ICP method for 3D mapping in real time (Ohno, 2006) . On the other hand, Nüchter presents linear and closed form solutions to the global n-scan registration problem by applying using ICP successfully (Nüchter et al., 2010) .
For a successful scan matching, the quality of the 3D data obtained from the measurement system has significant importance. A 3D laser measurement system (LMS) generates point clouds in three dimensions. These point clouds may contain highly redundant and noisy data for scan registration. Wulf & Wagner introduced fast 3D scanning methods for laser measurement systems (Wulf and Wagner, 2003) . In their study, they showed that high measurement densities close to an axis are obtained by rotating around this axis. The density propagation may become intensive for a certain area, and this may lead to a misuse of the scanning ability. Therefore, distribution of the point cloud obtained by 3D LMS is not homogeneous as it is obtained from camera. High density is collected around the rotation axis, which is pitch axis in Fig. 1 , if 2D sensor is rotated around the pitch axis. In their work, four different hardware configurations are investigated and they are proposed for the specific application areas, such as robot safety, indoor and outdoor mapping. A commercial scanning system including two 2D scanners mounted back to back with 90 degree angle is designed by Fraunhofer IAIS (www.3d-scanner.net). As shown in Fig. 2 , the 3D point cloud distribution is more homogeneous than the proposed systems by Wulf and Wagner. Normal Distribution Transform (NDT) for scan matching of 2D data was introduced by Biber and Strasser (Biber and Strasser, 2003) . The main idea is to represent the point cloud as the sum of normal distributions. This is achieved by dividing the surface into regular cells and calculating the mean vectors and covariance matrices of each cell. This is also known as discretization or splitting step of the algorithm.
Since the 3D maps contain large amount of memory space, the surface of the point cloud should be represented in a more compact form. This form must hold important surface characteristics such as orientation and smoothness. ICP method does not include any information about the surface structure. Therefore, NDT is proposed as an alternative method to ICP for scan registration. NDT has become very popular recently due to its faster convergence time, compact map representation, and suitable for SLAM problems such as loop closure (Magnusson, 2009 ). The main advantage of the NDT over ICP is that there is no need to compare each point to find the correspondences. Thus, the most time consuming phase, the nearest neighborhood search, is not used in NDT. Instead, the reference scan is first discretized (divided into cells) and Gaussian probability density functions of each cell is computed. Then, for each point (20-30% mostly enough in practice) of the input scan, a score function is optimized by using Newton optimization method. Another important advantage of NDT is that the memory storage is very less than ICP because NDT only stores mean and covariance information while ICP has to store all point clouds for mapping. As a consequence, NDT based methods are more beneficial for large scale and outdoor environments. However, convergence time and the accuracy of the NDT based scan registration are highly correlated with the cell size. In literature, there is no study that offers a way for choosing optimum cell size. In this paper, we propose a multi-layered structure that computes the cell sizes automatically from the point cloud boundaries. Another important powerful part of the proposed approach is that ML-NDT does not need to use four shifted cells to minimize discretization errors as in standard NDT. A marker free registration is adapted to 3D laser scan by dividing the point cloud into multiple slices and applying 2D NDT algorithm (Ripperda and Brenner, 2005) . They proposed three modifications on the original NDT: a coarse to fine strategy, multiple slices, and Levenberg-Marquardt algorithm as optimization method. In (Takeuchi and T. Tsubouchi, 2006.) , an improved 3D NDT for 3D scan matching is proposed. The main contribution of this study is to modify the 2D NDT to 3D NDT. They used two different cell sizes for dual resolution to accelerate the method. They start with large cell size and after convergence of the score function they use small cell sizes. A recent study based on 3D NDT is introduced by Magnusson. He uses 3D NDT for scan registration for autonomous mining vehicles (Magnusson, 2007) and loop detection for SLAM (Magnusson, 2009 ). An interesting convergence calculation method of the NDT based high resolution grid map for 2D NDT is introduced in (Kaminade et al, 2008) . They used small cell sizes for high resolution grid map representation and applied eigenvalue expansion to speed up the convergence time. They also used similar representation for subgrid object recognition (Takubo et al, 2009) . In this study, we propose a Multi-layered NDT to improve the convergence rate and measurement distance. Score function is described as Mahalanobis distance measure and performance of using Levenberg-Marquardt and Newton optimization methods are discussed.
MULTI-LAYERED NORMAL DISTRIBUTION TRANSFORM
Choosing the correct cell size is vitally important for NDT algorithm. For big cells the convergence time is low; however, the convergence area is large. Therefore, the system mostly results in wrong parameter estimation. On the other hand, for very small cell sizes the convergence time is high, but the accuracy is better for small transformation changes.
In this study, we are not restricted to a constant cell size. We introduce a multi-layer NDT algorithm that assign automatic cell sizes in each layer for reference scan. The approach is similar to the octree representation but the mean vector and covariance matrix of each cell is stored in all layers if there are more than 5 points in the cell. Roughly, the idea is based on the human behavior. First, two objects are compared by looking at the big picture to speed up the perception process, and then looked into details for fine tuning. We also describe different score function than ordinary NDT and use Newton and Levenberg-Marquardt iterative optimization methods. The disadvantage part of the algorithm may seem as the data storage; however, the number of the first three layers 8+8 2 +8 3 =584 can be ignored by looking at only fifth layer 8 5 = 32768. We observed that at most 4 layers are sufficient in practice.
Point cloud of a sample of Hannover data, which is recorded at the University Campus, contains 468 3D scans each with approximately 20,000 data points. (http://kos.informatik.uniosnabrueck.de/3Dscans/). One of 3D scan and its NDT representation for the top layer is given in Fig. 3 . It will not be given any figure for other layers to save space. As the layer level increases, the volume of the cells are getting smaller; therefore, the number of ellipsoids increases and they become smaller, too.
Algorithm:
Define a layer level n. (4 layer There are several important differences in our formulations from the original NDT since we use Mahalanobis distance score function instead of probabilistic one. The mathematical derivations are explained as follows;
The mean (ߤ) and covariance (‫ܥ‬ሻ of each cell is defined as follows; where i represents the cell index and j represents the index of points in each cell. N represents the number of points in ‫ܤ‬ that contains the positions of the reference scan in a cell. By doing so, each cell has the probability density functions that describe the all point cloud in a piecewise smooth representation with continuous derivatives.
Rotation of a point with respect to reference frame is described by the Euler angles (α, β, γሻ and translation vector, ܶ,
where,
ൌ ሺ‫,ݔ‬ ‫,ݕ‬ ‫ݖ‬ሻ is a point of input scan and ᇱ is the transformed point to the reference frame. Initial values of rotations and translations are accepted as zero if there is no odometry and IMU sensor information.
Transformation parameters are collected to a vector, ߦ ൌ ሾ‫ݐ‬ ௫ ‫ݐ‬ ௬ ‫ݐ‬ ௭ ߙ ߚ ߛሿ ் , which will be iteratively estimated by using Newton and Levenberg-Marquardt optimization methods, respectively. Let be the error vector between transformed point and the mean of the corresponding cell.
The Mahalanobis score function,
where M stands for the number of points that is used in input scan. M does not necessarily equal to the number of points in the reference scan. In practice %20-30 is sufficient for accurate convergence.
The rest of derivations of the formulations depend on the optimization method. For that reason, we subdivide Section 3 into two parts to explain both methods.
Using Newton Method
To be able to minimize the score function, the gradient vector and the Hessian matrix of the summand of the score function, ‫ݏ‬ is obtained as follows; The parameters are updated iteratively as follows;
where ݃ ൌ ∑ ݃ ெ ୀଵ
and ‫ܪ‬ ൌ ∑ ‫ܪ‬ ெ ୀଵ
Using Levenberg-Marquardt Method
Levenberg-Marquardt (LM) method combines the advantages of steepest decent and Gauss Newton methods (Fitzgibbon, 2001) . Therefore, it provides faster convergence time and long distance optimization. The method is applied to NDT as follows;
Score of each point is defined as ‫ݏ‬ ୩ , and the score vector, S, is given as;
Let J be the Jacobean matrix with Mx6 dimensions,
is already given in (1). In Gauss Newton method, Hessian matrix is approximated by ‫ܬ‬ ் ‫,ܬ‬ and ߣ is used for steepest decent method. The LM algorithm combines these two methods into one form. As a result, the time update is accomplished as follows,
ߣ is initially chosen as 10 -3 times the average of the diagonal elements of approximated Hessian matrix. Then, ߣ is updated depending on the error variation on the score function. If the error is getting smaller, ߣ is divided by a constant (typically, 10), else it is multiplied by this constant.
PERFORMANCE TESTS
In order to test the performance of the proposed method, we used experimentally obtained datasets, which are Kvarntorp Mine and Hannover University campus (http://kos.informatik.uni-osnabrueck.de/3Dscans).
The performance results are given for both Newton and LM methods.
In original data set, since the second point cloud was so close the reference scan, it is artificially shifted and rotated as seen in Fig. 4 . Two 3D point clouds are matched by using ML-NDT in Fig. 5 . The rigid body transformations are successfully estimated even for a long way off movements without initializations. Parameter update steps for conventional NDT are given in Fig. 6 . Cell volume is chosen as 64 times smaller than the volume of point cloud. The related score function variation can be seen in Fig. 7 . To be able to estimate the transformation parameters, they need to be small. Otherwise, standard NDT does not converge and becomes unstable after a few iterations. To be able to obtain better result by using standard NDT, cell size must be changed by trial and error or initial values must be close enough to actual ones. Namely, its performance is highly correlated with the quality of odemetry or IMU. The score function becomes steady after 30 iterations for the NDT (see Fig. 7 ). However, convergence occurs in a few iterations for ML-NDT by using LM method as shown in Fig.  8 . Also, the parameters can be estimated better than the conventional method for large variations. While ordinary NDT can detect translation up to -10 to 10 units and rotation up to 5 degrees, ML-NDT can detect translations up to 25 units and rotations up to 15 degrees without any initializations. In our experiments, we observed that the proposed method can detect up to 45 degree rotations successfully. The normalized score functions of ML-NDT with Newton and ML-NDT with LM are compared in Fig. 9 . ML-NDT with Newton and LM gives quite similar result but LM is a little faster, and Newton is more stable after convergence. 
CONCLUSIONS
In this paper, a novel scan registration algorithm based on Normal Distribution Transform is introduced. This algorithm uses multi-layered structure that automatically calculates the cell size from the point cloud boundaries instead of assigning a fixed cell size. In each layer, the point cloud is divided into 8 cells as in octree representation but mean values and covariance matrices of each cell containing more than five points are stored. Also, we use Mahalanobis distance score function and Levenberg-Marquardt and Newton as optimization methods. Comparison of the 3D-NDT and ML-NDT is given in the performance analysis for real datasets. The performance of the optimization methods are also compared with each other. The results show that proposed method provides fast convergence rate and long distance measurement capabilities successfully. As a future study, feature extraction method based on ML-NDT will be investigated for feature based SLAM algorithms. 
